We first study coupled Hirota-Iwao modified KdV (HI-mKdV) systems and give all possible local and nonlocal reductions of these systems. We then present Hirota bilinear forms of these systems and give one-soliton solutions of them with the help of pfaffians. By using the soliton solutions of the coupled HI-mKdV systems for N = 2, 3, and N = 4 we find one-soliton solutions of the local and nonlocal reduced equations.
Introduction
In last decade, it has been shown by many researchers that by using different local and nonlocal symmetry reductions one can obtain local and the time reflection symmetric (T-symmetric), the space reflection symmetric (S-symmetric), and the space-time reflection symmetric (STsymmetric) nonlocal equations from the general AKNS formalism [1] and other integrable hierarchies. The main aim in these works is to find new integrable equations and to obtain new interesting wave solutions. Particular examples are nonlocal nonlinear Schrödinger (NLS) equation [2] - [15] , nonlocal real or complex modified Korteweg-de Vries (mKdV) equation [3] , [4] , [16] - [19] , nonlocal real or complex sine-Gordon equation [3] , [4] , [20] , nonlocal Fordy-Kulish equations [14] , [21] , nonlocal N -wave systems [22] , nonlocal multidimensional versions of NLS [23] - [27] , and so on. The relations between local and nonlocal reductions are given in [28] , [29] .
In this work, we consider the coupled Hirota-Iwao modified Korteweg-de Vries (HI-mKdV) system [30] , [31] µv i,t + 3( and µ is a constant. Here c jk = c kj and c jj = 0. We examine all local and nonlocal reductions of HI-mKdV systems (1.2) for any N and present their soliton solutions expressed by pfaffians. We study all possible reductions and give one-soliton solutions of the HI-mKdV systems (1.2) for N = 2, 4. From the system (1.2) for N = 4, by using the Ablowitz-Mussilimani type reductions we obtain local and nonlocal systems of two equations. For N = 3, we give local and nonlocal reductions, and one-soliton solution of (1.2) in Appendix. For this case we also have reductions to systems of two equations, but if we require one-soliton solution obtained by Type 1 approach [16] , they reduce to a single known equation.
Local Reductions
We so that ρ =ρ.
Nonlocal Reductions
Let v ε α = v α (ε 1 t, ε 2 x) where ε with the constraintsc αβ = c ab A bα A aβ , α, β = 1, 2, . . . , M, (3.8) c αa A aβ =c βbĀbα , α, β = 1, 2, . . . , M, (3.9) µε 1 ε 2 = µ, (3.10) so that ρ =ρ ε . For simplicity let us take λ i = 0, i = 1, 2, . . . , N . Hence we have
Hirota Bilinear Method for Coupled HI-mKdV Systems
as Hirota bilinear form of (1.2). In [31] , multi-soliton solution of (1.2) which has M i solitons for v i , i = 1, 2, . . . , N , respectively is expressed by pfaffians as
Here the elements of pfaffians are defined as
and pf(otherwise) = 0. Here the class of the sets B i of letters chosen out of {b 1 , . . . , b L }, i = 1, 2, . . . , N , satisfies the following condition M i = number of elements in the setB i
N=2 Coupled HI-mKdV System
The system (1.2) for N = 2 is
where
The corresponding Hirota bilinear form is
(5.5)
One-Soliton Solution of N=2 Coupled HI-mKdV System
Here we will consider the solution given by (4.6) with the pfaffian elements (4.8)-(4.10) under the condition (4.11). The solution which has one-soliton for every
which are explicitly given as
Hence one-soliton solution of the system (5.1)-(5.2) is
(5.10)
Here k i , δ i , i = 1, 2 are arbitrary constants. The above solution is exactly the solution we obtained in [16] for c 12 = −1.
Local and Nonlocal Reductions for N=2
The coupled HI-mKdV system for N = 2 given by (5.1)-(5.2) has four consistent reductions; two of them are local and the others are nonlocal. To obtain one-soliton solution of the reduced equations we use Type 1 and Type 2 approaches given in [16] . Since the solutions for N = 2 case are given in [16] we will not present them here.
Local Reductions for N=2
The coupled HI-mKdV system for N = 2 given by (5.1)-(5.2) has two local reductions. To obtain one-soliton solution of the reduced equations we use Type 1 and Type 2 approaches [16] .// If we follow the Type 1 approach, the constraints that the parameters of the one-soliton solution of (6.2) are obtained from
ii. v 2 = a 2 + a 1v1 , a i , i = 1, 2 are constants. We use this reduction in (5.2) and obtain the following conditions to have consistent reduction:
So the reduced equation is the complex mKdV (cmKdV) equation
where α = c 12 a 1 and µ are real numbers.
From the Type 1 approach, the constraints that the parameters of the one-soliton solution of (6.6) are obtained from 8) besides the conditions (6.5).
Nonlocal Reductions for
are constants. When we use this reduction in (5.2) for consistency of reduction we get the following conditions:
Therefore to have a nonlocal equation, there is only one possibility; (ε 1 , ε 2 ) = (−1, −1). The reduced equation is ST-symmetric nonlocal mKdV equation,
where α = c 12 a 1 .
In this case, if we use the Type 1 approach to find one-soliton solution of (6.10) we get trivial solution. Hence we use the Type 2 approach. Therefore the constraints that the parameters of the one-soliton solution of (6.6) are obtained from
Applying this reduction to (5.2) gives the constraints on the parameters as
Hence we have three different nonlocal cmKdV equations:
a. T-Symmetric Nonlocal CMKdV Equation:
where µ = −μ and α = c 12 a 1 ∈ R.
b. S-Symmetric Nonlocal CMKdV Equation:
c. ST-Symmetric Nonlocal CMKdV Equation: 16) where µ =μ and α = c 12 a 1 ∈ R.
If we use the Type 1 approach, we get the constraints that the parameters of the one-soliton solutions of (6.14)-(6.16) from 18) besides the conditions (6.13).
Remark 6.1 Note that since we have given one-soliton solutions of the local and nonlocal reduced equations for N = 2 in [16], we are not presenting them here also.
N=4 Coupled HI-mKdV System
The system (1.2) for N = 4 is
3) µv 4,t + 3ρv 4,x + v 4,xxx = 0, (7.4) where
and µ is a constant. The corresponding Hirota bilinear form is
(7.7)
One-Soliton Solution of N=4 Coupled HI-mKdV System
If we consider the solution given by (4.6) with the pfaffian elements (4.8)-(4.10) under the condition (4.11), the solution which has one-soliton for every
9)
The coupled HI-mKdV system for N = 4 given by (7.1)-(7.4) has four consistent reductions; two of them are local and the others are nonlocal. To obtain one-soliton solution of the reduced equations we use Type 1 and Type 2 approaches given in [16] .
Local Reductions for N=4
Here we present two different local reductions of the coupled HI-mKdV system (1.2) for N = 4.
, a 1 and b 1 are constants. The system (7.1)-(7.4) is reduced to a system of two equations without any additional condition by this reduction. The reduced system is
If we use the Type 1 approach, the constraints for the parameters of one-soliton solution of the system (8.2) are found from the following equalities:
3)
To satisfy the above equalities one of the cases for the parameters is
Under these constraints, one-soliton solution of the system (8.2) becomes
Consider the following example.
Example 1.
Choose the parameters as µ = 3,
, and t + e 
, a 1 and b 1 are constants. To have a consistent reduction of the system (7.1)-(7.4) we must have µ =μ, ρ =ρ.
The relation ρ =ρ is satisfied when
The reduced system is
where the conditions (8.13) are satisfied and a ∈ R.
If we use the Type 1 approach by checking the equalities
we obtain the conditions on the parameters of one-soliton solution of the system (8.14) as
besides the conditions (8.13) . With all of these constraints one-soliton solution of the system (8.14) becomes
where 20) and
When the parameters k 1 , k 2 are real then the Example 1 given in part i. is also valid for this case.
Nonlocal Reductions for N=4
Here we present two different nonlocal reductions of the coupled HI-mKdV system (1.2) for N = 4.
, a 1 and b 1 are constants. We have a consistent reduction if the following conditions hold:
To have a nonlocal system we have only one choice (ε 1 , ε 2 ) = (−1, −1).
Then the reduced system is
To obtain one-soliton solution of the system (8.24), we use the Type 2 approach since Type 1 gives trivial solution. Hence we take 26) to get constraints for the parameters of one-soliton solution of the system (8.24 
(8.27) In this case the system (8.24) becomes
From the equation (8.26) we get the following cases:
Case A.I. In addition to the constraints (8.27), one of the sets of the conditions that the equation (8.26) yields, is
. Hence one-soliton solution of the system (8.28) is
Clearly, here we have v 2 = ξv 1 , where ξ =
. Hence the system (8.28) reduces to a single nonlocal ST-symmetric mKdV equation [16] 
Note that another set of the conditions
Example 2. If we take the parameters as k 4 = 2, µ = k 2 = e δ 1 = a 1 = c 24 = σ 1 = σ 2 = 1, then one-soliton solution becomes 31) and v 2 = 3v 1 . This solution is finite and bounded for any (x, t). The graph of the solution v 1 is given in Figure 2 . 
Case A.II. In addition to the constraints (8.27) , another set of the conditions obtained from
In this case one-soliton solution of the system (8.28) is
Example 3. Take the parameters as k 4 = 4, µ = 10, k 3 = e δ 1 = a 1 = c 24 = σ 1 = σ 2 = 1. Therefore one-soliton solution of (8.28) becomes 
Therefore one-soliton solution of the system (8.28) becomes 
which is very similar to the Case A.
Case B. Another set of the constraints solving both of the equations (8.25) and (8.26) is
where σ i = ±1, i = 1, 2. In this case the system (8.24) reduces to
One-soliton solution of the reduced system (8.40) is given by
In this case one-soliton solution of (8.40) becomes 13 ,
Here the reduced system is the same with (8.40). One-soliton solution of this system is given by
where 
Example 6. Let us choose the parameters as
Hence we obtain the following one-soliton solution of (8.40): ii. Here (ε 1 , ε 2 ) = {(−1, 1), (1, −1), (−1, −1)}. Hence we have T -, S-, and ST -symmetric nonlocal coupled complex HI-mKdV systems. If we use the Type 1 approach, the conditions that the parameters of the one-soliton solutions of nonlocal coupled complex HI-mKdV systems satisfy are obtained from
Hence we obtain the following constraints:
with µ =με 1 ε 2 and (8.56). Hence one-soliton solutions of the nonlocal coupled complex HImKdV systems are
The reduced nonlocal complex HI-mKdV systems are given by, a) T-Symmetric Nonlocal Complex HI-mKdV System: 
Example 8. Take the following set of the parameters: 
Example 9. Let us take the parameters as µ = 20, The above functions are finite and bounded for any (x, t). The graph of the function |v 1 | 2 is given in Figure 9 . 
Concluding Remarks
In this work we studied a type of coupled HI-mKdV systems. We presented all possible consistent local and Ablowitz-Musslimani type nonlocal reductions for general N . We obtained the Hirota bilinear forms of the systems and recalled the multi-soliton solutions expressed by pfaffians for any N . We mentioned about local and nonlocal reductions of the coupled HI-mKdV system for N = 2 and one-soliton solution of the reduced systems which have been already presented in our previous works. We examined all possible reductions for N = 3. We noticed that the system for N = 3 has reductions to systems of two equations but if we use Type 1 approach to find one-soliton solution of these systems, because of the set of the constraints obtained, these systems of two equations reduce to single equations. We studied the case for N = 4 in detail. We found one-soliton solution of N = 4 coupled HI-mKdV system by using the pfaffians. We have two local and two nonlocal consistent reductions for this system. These reductions yield local and nonlocal systems of two equations. By using the one-soliton solution of the system with the reductions we also obtained one-soliton solutions of the local and nonlocal reduced systems by the help of Type 1 and Type 2 approaches.
Appendix
Here we present local and nonlocal reductions, and one-soliton solution of the system (1.2) for N = 3. Note that even this system has reductions to systems of two equations, if we require Type 1 one-soliton solution [16] , all the systems of two equations reduce to single well-known equations.
N=3 Coupled HI-mKdV System
The system (1.2) for N = 3 is The corresponding Hirota bilinear form is
(10.6)
One-Soliton Solution of N=3 Coupled HI-mKdV System
Similar to N = 2 case we take the solution given by (4.6) with the pfaffian elements (4.8)-(4.10) under the condition (4.11). The solution which has one-soliton for every a 2 , a 3 , b 1 , b 2 , b 3 ) , (10.8) which are explicitly given as 
are arbitrary constants.
Local and Nonlocal Reductions for N=3
The coupled HI-mKdV system for N = 3 given by (10.1)-(10.3) has eight consistent reductions; four of them are local and the others are nonlocal. To obtain one-soliton solution of the reduced equations one can use Type 1 and Type 2 approaches given in [16] . Here we will only use Type 1.
Local Reductions for N=3
We have four different local reductions for (10.1)-(10.3) . without any additional condition. If we follow the Type 1 approach, the constraints that the parameters of the one-soliton solution of the system (10.13) are obtained from The reduced system is (10.20) with the conditions (10.19) satisfied and µ ∈ R. If we use the Type 1 approach to find onesoliton solution of the above system, we obtain the constraints that the parameters of the one-soliton solution of the system (10.20) from iii. and its one-soliton solution is The reduced equation is 
With the above conditions, the equation (10.32) becomes a cmKdV equation
and one-soliton solution of (10.34) is 
If we use the Type 1 approach, the constraints that the parameters of the one-soliton solution of the system (10.37) are obtained from
The above conditions yields that v 2 = e δ 2 −δ 1 v 1 . The nonlocal system (10.37) reduces to local linear equation
and one-soliton solution of the above equation is
, and a i , i = 1, 2, 3 are constants. Applying this reduction to (10.3) gives the constraints on the parameters as 1) µ =με 1 ε 2 , 2) a 3 = 0, 3) c 12 = 0, 4) c 13 a 2 =c 23ā1 , 5) c 13 a 1 =c 13ā1 , 6) c 23 a 2 =c 23ā2 (10.42) for consistent reduction. Hence we have
(10.43)
According to ( 1 , 2 ) = {(−1, 1), (1, −1), (−1, −1)} we have three different nonlocal cmKdV systems:
a. T-Symmetric Nonlocal CMKdV System: b. S-Symmetric Nonlocal CMKdV System: c. ST-Symmetric Nonlocal CMKdV System:
where µ =μ and the conditions (10.42) hold.
When we apply the Type 1 approach, the constraints that the parameters of the one-soliton solution of the system (10.43) are obtained as In this case v 2 (t, x) = e δ 2 −δ 1 v 1 (t, x) and the system (10.43) reduces to a single nonlocal cmKdV equation [16] µv 1 (t, x) + 6(c 13 + c 23 e
One-soliton solution of the above equation is iii. iv. v 3 (t, x) = a 1 + a 2 v 1 (t, x) + a 3v1 (ε 1 t, ε 2 x) = a 1 + a 2 v 1 + a 3v 
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